We develop a model of void formation, which simulates the evolution of voids from the moment of the last scattering until the present instant. We find that in order to obtain a model which would be fully consistent with the observational constraints the existence of radiation must be taken into account. The ratio of radiation energy density to matter energy density in CDM models at the moment of last scattering is 1/5. Such a high value of radiation energy density cannot be omitted. Namely, it is important to the process of the structure formation and hence significantly influences the dynamics of the Universe in first millions of years after the last scattering.
INTRODUCTION
At the end of the 1970s several galaxy redshift surveys started to operate. As a result the distribution in the space of a large sample of galaxies had been measured. It turned out that galaxies are distributed inhomogeneously and form structures like voids or clusters.
The most probable explanation of such a structure is that it evolves from small initial fluctuations, which can be traced in the observations of cosmic microwave background (CMB).
While gravity is an attractive force, it is relatively easy to reproduce high density regions, for instance by setting the initial conditions so that collapse or shell crossings occur. This cannot be done in case of low density regions, such as voids, inside which the estimated value of the density contrast is less than δ = −0.94 (which is less than 6% of the mean background density) (Hoyle & Vogeley 2004) . The description of evolution of voids from initial fluctuations consistent with observational constraints is very difficult. So far none of the attempts to solve this problem succeeded. Even N-body simulations predict that voids should be filled by dwarf galaxies which are not observed (Hoyle & Vogeley 2004) .
In this paper we are going to present the scenario of void formation which is consistent with astronomical observations and leads to formation of low density regions from very small initial fluctuations that existed at the moment of the last scattering.
Since the evolution of voids is a non-linear process our approach is based on exact solutions of the Einstein equations.
This paper aims to answer how structure formation takes place in various cosmological background models and to put some constraints on the values of Ωmat and ΩΛ.
We also try to find out what is the character of the initial perturbations and what kind of relation between radiation and matter fluctuations is the most suitable for the process of structure formation.
At the end we examine the instability growth due to the gradient of the pressure.
THE LEMAîTRE-TOLMAN MODEL
The Lemaître-Tolman model is the spherically symmetric solution of Einstein's equations with a dust source. In comoving and synchronous coordinates, the metric is:
where dΩ 2 = dθ 2 + sin 2 θdφ 2 , and E(r) is an arbitrary function of r. Because of the signature (+, −, −, −), this function must obey E(r) ≥ − κρc 2 = 2M,r R 2 R,r ,
1 c 2 R,
where M (r) is another arbitrary function and κ = 8πG c 4 . When R,r = 0 and M,r = 0, the density becomes infinite. This happens at shell crossings. This is an additional singularity to the Big Bang that occurs at R = 0, M,r = 0. Shell crossing can be avoided by setting the initial conditions appropriately.
Equation (3) is similar to its Newtonian counterpart for a spherical dust distribution:
where R, E and M are respectively the radial coordinate, the energy of the particles, and the mass within radius R (in Newtonian mechanics, the cosmological constant is not considered). Therefore, M (r)c 2 /G is the mass inside the shell of the radial coordinate r, and E(r)c 2 is the energy per mass unit.
Equation (3) can be solved by simple integration:
where tB appears as an integration constant, and is an arbitrary function of r. This means that the Big Bang is not a single event as in the Friedmann models, but occurs at different times at different distances from the origin. Thus, the evolution of a Lemaître-Tolman model is determined by three arbitrary functions: E(r), M (r) and tB(r). The metric and all the formulae are covariant under arbitrary coordinate transformations of the form r = f (r ′ ). Using such a transformation, one function can be given a desired form. Therefore the physical initial data for the evolution of the Lemaître-Tolman model consist of two arbitrary functions.
PROBLEMS OF VOID FORMATION
The calculations presented in this section are an extension of our previous work on void formation -Bolejko, Krasiński and Hellaby (2004) (futher called paper I). For some more detailed discussion we refer the readers to that paper.
The only available observational information on low density regions is the current density distribution within voids and some constraints on the amplitudes of the density and velocity fluctuations that existed at last scattering. As mentioned above the present density contrast inside the voids is δ ∼ −0.94.
If the density inside a region of radius r is low, then the mass inside that region must be small as well. Since mass inside the shell of radius r is constant the most probable explanations are:
(i) The density was low since the very beginning, compared to the average density in the Universe,
(ii) The region expanded so fast that the density inside it became small compared to the average density in the Universe.
Observations of the cosmic microwave background (CMB) constrain the amplitude of the initial density (and velocity) fluctuations. The estimated values of the amplitude of the initial fluctuations, inside the voids are as in paper I:
• density fluctuations -∆ρ/ρ = δ = −6 · 10 −5
• velocity fluctuations -∆V /V b = ν = 2 · 10
These values eliminate the first possibility. The voids are thus formed because low density regions expand faster than the background model.
In paper I, we tried to reproduce the current density distribution inside voids from assumed initial density and velocity fluctuations. That approach used values consistent with observations, but it failed. In the LT model there are several alternative methods of calculating the evolution of the Universe. One of them is based on joining the the current density profile with an initial velocity or density distribution. The proof of existence of such a connection and the algorithm of calculations are prestented in Appendix A and B. The results of these appendices generalise the earlier results of Krasiński & Hellaby (2002 for non-zero Λ.
Results in the form of the size ratio
are presented in Figure 1 .
Curve 1 presents the results obtained from joining the current density distribution inside voids as measured by Hoyle & Vogeley (2004) with an arbitrary initial density fluctuation of amplitude δ ∼ −6·10 −5 (as described in Appendix A). (For more details about the shape of initial fluctuations see paper I). The corresponding initial velocity perturbation turned out to have the amplitude of 7 · 10 −3 , which is more than 35 times larger than the values consistent with CMB observations. Curve 3 presents the results obtained from matching the current density profile of a void with the initial velocity perturbations of amplitude ν ∼ 2 · 10 −4 (as described in Appendix B). The corresponding initial density fluctuation has the amplitude, inside the void, of value −4 · 10 −2 . This is also inconsistent with the allowed value of −6 · 10 −5 . Curve 2 coresponds to both matching methods. The initial velocity fluctuations of amplitude ν ∼ 6 · 10 −3 joining the current density profile of the void produce similar size ratio as the procedure of matching the initial density fluctuations of amplitude δ ∼ −6 · 10 −3 . The shape of curves 1, 2 and 3 is almost independent of the shape of the initial density or velocity fluctuations.
For comparison, Figure 2 presents the size ratio obtained from the initial fluctuations consistent with observational constraints, which are δ ∼ −6 · 10 −5 and ν = 2 · 10 −4 . Curves 4 and 5 corespond to different shapes of the initial density and velocity fluctuations. Though with diffrent initial profiles of density and velocity fluctuations, the results are similar and close to 1200, which is by 1500 smaller than the size ratio presented in Figure 1 . Curves 4' and 5' corespond to the same initial fluctuations as 4 and 5 but within an Einstein-de Sitter background model. The curve denoted by FLRW presents the size ratio obtained in FLRW cosmology, where
The above analysis implies that to evolve present voids a high value of the size ratio is needed. This value cannot be reached if the simulation of the void's evolution begins from the initial velocity and density fluctuations whose amplitudes are consistent with CMB observations. This behaviour forced us to reconsider our assumptions. In our model we made two major simplifications: (i) Voids are spherically symmetric, (ii) The only component of the Universe is dust.
From astronomical observations it is apparent that small voids have spherical shape. Larger are more irregular, but they can still be divided into smaller spherical voids.
Assuming that the Universe is filled only with dust we neglect radiation. Although in the present epoch the contribution of radiation to the evolution of the Universe is inessential (Ωγ = 4.77 · 10 −5 ), at the moment of last scattering it was otherwise. The ratio of the radiation energy density to the matter energy density, at that instant was: The contribution of the radiation could possibly increase the size ratio and could help in formation of voids from small initial perturbations.
As shown in paper I, it is not possible to take into account a realistic distribution of radiation within the LT model. To face this problem we need to use a space-time of geometry more general than in the LT model.
THE SPHERICALLY SYMMETRIC INHOMOGENEOUS MODEL
A spherically symmetric metric in comoving and synchronous coordinates is of the form:
The Einstein field equations for the spherically symmetric perfect fluid distribution (in coordinate components) are: (9) where ǫ is the energy density and p is the pressure. For a mixture of matter and radiation, we have:
The Einstein equations can be reduced to (Lemaitre 1933):
where M is defined by:
M c 2 /G is equal to the mass inside the shell of radial coordinate r. The mass is not constant in time and in the expanding universe it decreases, as seen from (13) From the equations of motion T αβ ;β = 0 we obtain:
Equations (17) and (18) reproduce the well known fact, that the perfect fluid energy-momentum tensor inherits the symmetries of the metric of the space-time.
Compared to the LT model, we have here three extra functions: C, ǫ rad and p. The last two are connected by the equation of state (11). Also C is not independent and can be derived from the equation of motion (16). This implies that to determine the evolution we need to have one more equation. In our calculation it will be the equation of the radiation energy density evolution. The initial conditions are going to be: the initial velocity, matter density and radiation energy density distributions.
THE ALGORITHM
The computer algorithm used to calculate the evolution of a void was written in Fortran and consisted of the following steps. Numerical methods are from Press et al. (1986) and Pang (1997) .
Background values
Our spherically symmetric model is a generalization of the Friedmann models.
In the class of coordinates used here, the Friedmann limit is:
where a is the scale factor of the Friedmann models, c is the speed of light and k is the curvature index. The Friedmann limit is an essential element in our approach. As mentioned above, our model of void formation describes a single void in an expanding Universe. Far away from the origin, the density and velocity distributions tend to the values that they would have in a Friedmann model. Consequently the values of the time moments (i.e. initialt1 and final -t2 instants), values of the density and velocity fluctuations are calculated with respect to this homogeneous background.
The initial data

Time instants
The time moments are calculated like in flrw cosmology (Appendix C):
where:
Ho is the present Hubble constant, ΩK = 1−Ωγ −Ωmat−ΩΛ.
The initial instant (t1) is set to be at the last scattering moment, which took place when z ≈ 1089 (Bennett et al. 2003 ) and the final instant (t2) when z = 0.
The density and velocity fluctuations
The radial coordinate was defined as the areal radius at the moment of last scattering, measured in kiloparsecs:
The initial density and velocity fluctuations, imposed on the homogeneous background, were defined by functions of the radius ℓ,
as listed in Tables 1 and 2 , and the actual density and velocity followed from:
where ρ b is the density and U b is the velocity of the homogeneous background. ρ b is expressed as:
where ρ b,o is the present value of the background density. Using (19) the value of U b can be calculated as follows:
In the Friedmann models the time derivative of the scale factor is given by the formula (Appendix C):
Consequently:
In LT models the proper-time derivative of the areal radius R (U ) is just equal to 1 c R,t, in our case, in consequence of the metric (5):
The mass
The mass inside the shell of radius R(r, t1) at the initial instant, measured in kiloparsecs, was calculated by integrating eq. (12):
Since the density distribution has no singularities or zeros over extended regions, it was assumed that ℓmin = 0 and M = 0 at ℓ = 0.
The radiation
In Friedmann models the equations of motion reduce to (Plebański & Krasiński 2005) :
For matter and radiation background (eqs. (10) and (11)) this equation becomes (to simplify the notation, we denote ǫ rad = E and ǫmat = ρ):
After the last scattering moment radiation has not been interacting with matter, so we can propose that the evolution of matter is the same like in the Universe without radiation, i.e.:
Then from (33):
In the inhomogeneous Universe the radiation can be written in the following form:
where ζ(r, t) is the function which describes the distribution and the evolution of radiation. According to the current paradigm, after the last scattering moment the distribution of radiation has been "frozen" Consequently the only change in the radiation distribution is in the amplitude, which decreases with time, as the Universe expands:
The crucial problem is to find the form of the φ function. Luckily, the fluctuation of the radiation are very small, of amplitude ∼ 10 −5 therefore, we can assume that the timedependent amplitude of the radiation is the same as in homogeneous background, so:
However, this assumption may have to be modified in the future if observational data on the distribution of radiation become more detailed.
Recapitulating:
where σ is Stefan-Boltzmann constant, c is the speed of light, TCMB is the current measured temperature of the CMB and γ describes the initial perturbation of radiation, as listed in Tables 1 and 2 .
Solving (22) with the bisection method the value of z for some instant t can be found. Substituting this value to (37) the value of energy density of radiation for this instant can be calculated.
The function C
If the pressure p is calculated from (11) and (37), then eq. (16) can be integrated to find C:
where C ′ (t) is an integration constant. However in a homogeneous background C ′ (t) is constant and from (20):
The function A
The A function can be derived from eq. (7):
The initial value, A(r, t1) can be calculated from eq. (14).
For comparison, in the LT model:
where ELT (r) is an arbitrary function. Using eq. (40) and keeping the notation as above, in the case of inhomogeneous distribution of radiation it can be written:
As it can be seen, the function E can change in time and the gradient of the pressure influences the sign of the whole integral. Consequently, compared to the Lemaître-Tolman model, the gradient of pressure can speed up or slow down the process of structure formation.
Computing the evolution
Once M , E and tB are known, the state of the system can be calculated for any instant.
(i) From eqs. (30) and (38) the value of R,t and from (13) the value of M,t can be calculated. Then using the predictorcorrector method the value of R(r, t + τ ) and M (r, t + τ ) in the time step of τ can be found. We futher denoted them (as all the quantities found in this time step) by the subscript τ .
(ii) Once Rτ and Mτ are known, we can derive ǫτ from (12).
(iii) Then from (11) and (37) we derive pτ .
(iv) From ǫτ and pτ we can calculate Cτ from (38).
(v) Uτ can be calculated as follows: From eq. (40) and (14) we obtain:
By solving this equation with bisection method, for the time t = t1 + τ we can calculate Uτ .
(vi) Once Uτ and Cτ are known, R,t (r, t) and futher M,t (r, t) can be calculated.
(vii) We repeat steps 1-6 until t = t2.
RESULTS
The only observable measurements of the properties of central parts of voids is the density contrast estimation. It is based on the observations of galaxies inside the voids (Hoyle & Vogeley 2004) . Because in central regions no galaxies are observed, the real density distribution inside the voids is unknown. Assuming that luminous matter is a good tracer of dark matter distribution and extrapolating the value of the density contrast measured on the edges of voids (where galaxies are observed) into the central regions of voids, we can conclude that the density inside the voids is below the value of 0.06ρ b .
In the calculation this value will be the limiting value of the voids and we will be expecting from the model to reach the value of density below this limiting value.
While the problem of choice of the cosmological model is open and the efforts to determine the values of Ωmat and ΩΛ still continue, in this section (except subsection 6.2) we focused only on the cosmological model which is the most popular in the cosmological comunity, that is ΛCDM model. Figure 3 shows the shape of the initial perturbations. The explicit forms of these perturbations are presented in Tables 1 and 2 . The results are presented in Fig 4. In four out of seven model voids were formed. As it can be seen, models with inhomogeneous distribution of radiation have no problems with reproducing regions of density below the limiting value.
To compare our results with the observational data, Fig.  5 presents the average denisty contrast inside the voids as a function of a relative distance from the orgin. The average density contrast was calculated as follows:
where ρ is the present background density and < ρ >:
Curve 1 presents the results of run 1, as listed in Table 1. Curves NGP and SGP coresponds to estimated by Hoyle & Vogeley density contrasts of voids in the 2dFGRS data. Although the profiles match at the center they do not fit accurately at the edges of voids. In our model the density contrast tends to increase faster than the observed one which could be caused by too strong assumption of the evolution of radiation ( (35) and (36)) and would suggest that the distribution of radiation did evolve after the last scattering moment.
In this section we also answer the questions stated at the beginning of this paper, i.e. about the character of initial perturbations, constraints on the background model and the growth of instability due to gradient of the pressure.
Initial perturbations
Introducing the radiation into the calculation we need to ask about the relation between matter and radiation perturbations. In linear theory there are three concepts of these relations:
(i) adiabatic perturbations, where γ = It should be stressed that in realistic conditions there are no pure adiabatic or isocurvature, or isothermal perturbations and the relations between density and radiation perturbations are more complicated. However, it is instructive to know what kind of relation is more suitable for the process of voids formation.
The results presented in Figure 4 imply that voids can be formed out of adiabatic or isocurvature perturbations and there is no significant difference between these two forms of perturbations, as long as the gradient of the radiation is negative. With an isothermal perturbation low density regions cannot be formed as the gradient of radiation is important in the process of void formation. Table  1 ) in the ΛCDM background model. Curve denoted by vl (void limit) refer to the measured density inside the voids. These results imply that in the absence of radiation, or of the gradient of radiation, the structure formation goes on faster in the models which are filled with bigger amount of matter (curves 3a, 3b, 3c and 3d -for more details see paper I). Unfortunately, with this kind of perturbations of radiation, voids cannot be formed. By introducing a realistic distribution of radiation voids are formed more likely.
Constrains on the background model
According to the astronomical observations about 40% of the volume of the Universe is taken up by voids (Hoyle and Vogeley 2004) . This means that void formation is not an isolated event, but it is a very probable process. Thus, it can be used to put some constraints on the cosmological background model.
The results from Figure 4 imply that the presence of radiation is important for void formation. The contribution from radiation to the evolution of the system is more significant in the models with smaller value of Ωmat. Hence, conclusions about the value of Ωmat can be drawn. Figure 7 shows that the higher size ratio is in the model with cosmological constant, but as it can be seen from Figure  6 , cosmological constant is not needed to reconstruct the present-day voids. Because of lack of precise observational data we cannot argue about the value of the cosmological constant. If the present density contrast had been measured Table 1 ) and to the background model (as listed in sec. 6.2). Curve denoted by vl (void limit) refer to the measured density inside voids. Table 1 ). The letters refer to the background model (as listed in sec. 6.2).
more accurately, then conclusions about the value of the cosmological constant could be made.
As it can be seen in Fig. 6 , the model with Ωmat = 0.4 barely reaches the limiting value in the center of the void while models with Ωmat ∼ 0.3 fit the observation best.
The pressure instability
As was suggested in sec. 5.2.6, the gradient of pressure can speed up or slow down the precess of structure formation. that the formation process is not symmetrical. Small negative radiation fluctuations can even lead even to a collapse, while small positive fluctuations do not form low density regions with such a big contrast compared to background density value. This observation can be easily explained with the following, heuristic analysis.
We are going to examine the differences in the expansion rate between models with and without radiation by comparing the acceleration rate, i.e. R,tt. We do not examine the expansion directly (R,t) because in the model with radiation the expansion of the space, as seen from (29) is higher. We define the radial coordinate as the areal radius at the moment of last scattering and assume that in both models at that instant these values are the same. We also assume that at the initial instant the density fluctuations are identical.
By capital letters we denote the values in the model with radiation and by script letters the values in the model without radiation.
From (14) and (7) we find that (R,t 2 ),t:
consequently, using (13):
Analogously in the LT model, we obtained:
Now let us substract these two quantities and denote the difference by A:
The value of A tells us about the speed of structure formation. As at the initial moment the expansion rate slows, a negative value of A means that the expansion slows faster in the model which takes into account radiation. A positive value of A implies that the expansion slows faster in the model without radiation.
Let us differentiate the contribution to the mass from radiation:
where M is the contribution to mass from the energy of radiation.
As we can see in Figure 8 the value of e C is very close to c 2 and from numerical calculation we know that it changes in time very slowly. Hence, the following simplification can be made:
Then the eq. (49) will become:
When:
• p,r > 0 then A < 0, • p,r < 0 then A can be > 0.
The above analysis is heuristic because it does not take into account the values of the initial expansion. In a model with homogeneous distribution of radiation, A < 0 and as it can be seen in Figure 4 and 6 (curve 3) it still can form low density regions.
In case of realistic distribution of radiation, when the gradient of the pressure exists, the above analysis is qualitatively accurate and when A > 0 the structure formation process leads to the formation of low-density regions, while A < 0 leads to high density regions.
CONCLUSIONS
The aim of this paper was to build a model of void formation which would simulate the evolution of voids and would be consistent with observational constraints. We developed a model that describes the process of void formation from small initial velocity, density and temperature fluctuations, that existed at the moment of the last scattering, and fully recovers very low values of density contrast inside the voids. However, in our theoretical model, the present density increases faster at the edges of voids than in the observed profiles. There could be several explanations:
(i) Other shapes of the initial perturbations would reproduce satisfying results,
(ii) The assumption (consistent with the widely accepted paradigm) that the distribution of radiation did not evolve from the last scattering moment is not fullfiled.
(iii) The real density contrast increases faster than the density contrast of a luminous matter.
The main conclusion of our work is that until several millions years after the last scattering moment radiation cannot be neglected in models of structure formations. The gradient of radiation is significant in the process of void formation. The instability of homogeneous models and the ability to form rarefaction or condensations of matter due to the gradient of radiation is more effective than due to the density or velocity perturbations.
The negative value of the radiation pressure gradient can, as it is presented in Figure 7 , speed up the expansion of the space and enlarge the size ratio to value large enough to form very low density regions such as voids.
The process of void formation can put some limits on the values of cosmological parameters. We found out that models with Ωmat ≈ 0.3 describe the present voids best. In models with larger value of the cosmological constant the density contrast was lower, due to longer period of evolution. Unfortunately, the only estimation of the density distribution inside the voids is based on the galaxies observations, and since in the central parts of voids no galaxies are observed, there are no precise estimations of density contrast inside them. Therefore we cannot make any precise conclusions about the value of the cosmological constant. At present both the CDM models, with and without the cosmological constant, are in agreement with the observational data.
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conditions will be the density profiles defined at two different instants: t1 and t2.
Because of observations we are interested in joining these profiles only in the expansion phase, i.e. t2 > t1 ⇒ R2 > R1, with the positive value of cosmological constant, Λ > 0.
To determine the evolution of the system from eq. (3) we need to know the following functions: E, M , Ri and Λ.
M (r) is set to be the radial coordinate:
From the given initial and final density distributions and from eq. (2) we can derive the function R1 = R(t1, M ) and R2 = (t2, M ).
where we assume that R(M = 0) = 0. In order to calculate E eq. (4) can be re-written for the two instants t1 and t2. Then subtracting one equation from another:
If there exists a solution, i.e. φ(x) = 2E+
Λx 2 ≥ 0 (for any x ∈ [R1, R2]), then:
Λx 2 3/2 0.
So Φ(E) is a monotonically decreasing function of E. Hence, if there exists a solution, we can solve eq. (A3) to derive E. This would mean that all density profiles defined at different instants can be joined.
To consider the existence of the solution the range of values of Φ must be examined.
Since:
that means, that when (R2 − R1) is large and the time interval is short, the solution will exist. When the value of R2 is close to R1 and the time interval is large, then there could be some problems.
The function φ(x) = 2E +
Λx 2 has one minimum at xc = (3M/Λ) 1/3 . This naturally divides the range of x into three intervals:
In the interval x ∈ [R1, xc], φ is a monotonically decreasing function of x, so the limiting value of E can be determined from the condition of non-zero expansion, i.e. R,t > 0. Since R,t = √ φ:
this imply:
Let us consider if there exist a solution when E approach the limit value of E l .
Then the following inequality can be written:
The first inequality follows from the fact that φ is a convex function, as:
and a tangent to φ(x) at x = R2 is:
The second inequality follows from the construction of the tangent curve, which at the point x = R2 is zero and in the interval x ∈ [R1, R2) is positive.
Using inequality (A5) we can proof that the Φ(E) converge, even if E → E l :
This result means, that there exist a limiting interval ∆tc:
Namely, two density distributions (R1 and R2), can be joined, only if:
In interval x ∈ [xc, R2], φ is a monotonically increasing function of x, so the limiting value of E can be determine from the condition of non-zero expansion, i.e. R,t > 0:
Using the same argumentation as above it can be proved that:
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This implies that, two density distribution (R1 and R2), can be matched, only if:
In the interval x ∈ [R1, R2], φ has a minimum at xc. Assuming that R,t > 0 this implies that E must be greater then a limiting value, Ec:
Since in both intervals, x ≤ xc and x ≥ xc, Φ does not diverge, there exists a limiting interval ∆tc:
So, two density distributions (R1 and R2), can be joined, only if:
The above analysis implies that not all density profiles defined at different instants can be joined with the evolution of the LT model. There exist an upper limit for the time interval of t2 −t1, beyond which these density profiles cannot be connected. This means that if for a given R1 and R2 the time interval (t2 − t1) is too large, then R(t2) > R2.
If the value of t2 − t1 is smaller than that limit interval, eq. (A3) has only one solution and it can be solved for any instants t1 and t2, hence E can be calculated. The above analysis is valid if −1/2 < E. This condition is fulfilled by most realistic models of structure formation.
Once E is found then from eq. (4) tB can be calculated and the L-T model is determined. By solving eq. (3), R(r, t) can be found, and from eq. (2) the density distribution can be found for any instant.
APPENDIX B: EVOLUTION FROM AN INITIAL VELOCITY PROFILE TO A FINAL DENSITY PROFILE IN THE LT MODEL WITH COSMOLOGICAL CONSTANT
In this appendix we examine if there exists a solution of the evolution equations from a given initial velocity to a final density profile.
Because of observations we are interested in joining these profiles only in expansion phase, i.e. t2 > t1 ⇒ R2 > R1, with the positive value of cosmological constant, Λ > 0.
As above, the evolution of the system is calculated from eq. (3), therefore values of E, Ri, M and Λ must be derived from the initial conditions. M (r) is set to be the radial coordinate. From final density distribution and from eq. (2) we can calculate R2. E can be derived form the initial velocity distribution: 
So Ψ(x) is a monotonically decreasing function and if there exists a solution of eq. (B2) it can be solved to determine R1.
Like in Appendix A, ψ has one minimum at yc = (3M/Λ) 1/3 . Since R1 is an unknown quantity, to examine the value of Ψ we have to consider only two cases:
From the condition of non-zero expansion, i.e. R,t > 0, for all values of y:
and from the fact that in the interval y ∈ [R1, yc], ψ is a monotonically decreasing function of y, there exists a minimum value of x = xm, which can be derived from:
Then repeating the same argument as in Appendix A, it can be proved that Ψ(x) has an upper limit: 
So, if only t2 − t1 ≤ ∆tm then eq. (B2) can be solved and the value of R1 calculated.
(ii) R2 ≥ yc, in this interval, the minimal value of R1 = xm can be derived from the condition of non-zero expansion at the point, where ψ has a minimum: 
When R1 is calculated then from eq. (B1) E(M ) can be found. Once E is found then from eq. (4) tB can be calculated and the L-T model is determined. By solving eq. (3), R(r, t) is found, and from eq. (2) the density distribution can be found for any instant.
